The finite nuclear-size effect on the leading bound-electron g factor and the oneloop QED corrections to the bound-electron g factor is investigated for the ground state of hydrogen-like ions. The calculation is performed to all orders in the nuclear binding strength parameter Zα (where Z is the nuclear charge and α is the fine structure constant) and for the Fermi model of the nuclear charge distribution. In the result, theoretical predictions for the isotope shift of the 1s bound-electron g factor are obtained, which can be used for the determination of the difference of nuclear charge radii from experimental values of the bound-electron g factors for different isotopes.
Nuclear-size correction to the leading-order g factor
We start with the nuclear-size correction to the relativistic (Breit) value of the boundelectron g factor, defined by the difference
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ext and g (0) pnt are the leading-order bound-electron g factor values evaluated with the extended and the point nuclear models, respectively. For the point nucleus, the well-known analytical result for the 1s state reads
whereas for the extended nucleus the g factor value is given (for the 1s state) by the integral
where g a and f a are the upper and lower radial components of the (extended-nucleus) reference-state wave function. The nuclear-size correction δg N can be readily evaluated numerically [15, 16] . For light ions, it can be also obtained analytically by using the expansion in the nuclear binding strength parameter Zα [17, 18] . In Ref. [19] , a simple approximate relation was established between the nuclear-size corrections to the g factor and to the binding energy. For the 1s state, it reads
where δE N is the leading-order nuclear-size correction to the Dirac energy and γ = 1 − (Zα) 2 . The relation (4) goes beyond the Zα expansion and holds with good accuracy in the whole region of the nuclear charge numbers Z.
In Table 1 , we present our numerical results for the nuclear-size correction δg N to the 1s bound-electron g factor. The results are parameterized in terms of the dimensionless function G N (Z, R) defined as
where λ C = /mc, and R ≡ r 2 1/2 is the root-mean-square (rms) radius of the nuclearcharge distribution. The prefactor before G N in Eq. (5) is consistent with the leading term of the Zα expansion of δg N [17] , (8/3)(Zα) 4 (R/λ C ) 2 , so that G N is unity in the nonrelativistic limit. The exponent of R in Eq. (5) follows from Eq. (4) and the relativistic result for the nuclear-size correction to the energy obtained in Ref. [20] .
The numerical values of the function G N are presented in the third column of Table 1 . The results are obtained with the standard two-parameter Fermi model for the nuclear charge distribution (with the standard choice of the thickness parameter t = 2.3 fm). Nuclear rms radii used in the calculation are listed in the second column of the table. They were taken from Ref. [21] , with the only exception of Z = 92 for which we used the value from Ref. [22] .
We observe that the function G N stays remarkably close to unity in the whole range of Z. It might be noted that such smooth behavior of G N is a consequence of the correct relativistic exponent of R in Eq. (5). If we used R 2 instead of R 2γ in Eq. (5), we would Nuclear-size self-energy and vacuum-polarization corrections 4 get a much more rapidly varying function. Namely, (R/λ C ) 2γ−2 ≈ 14 for Z = 100, so G N (Z = 100) would have been 14 times larger within the R 2 parametrization. Having accurate numerical results for δg N , it might be interesting to check how well the approximate relation (4) holds. Our calculation shows that this relation is accurate to about 1% in the high-Z region and better than that in the low-Z region. Namely, with the numerical results for δE N from Ref. [23] , Eq. (4) yields G N (Z = 100) = 1.125, G N (Z = 82) = 1.213, and G N (Z = 40) = 1.119, which can be compared with the exact numerical results in the third column of Table 1 .
In the fourth column of Table 1 , we present differences of the results for G N obtained with the Fermi and the homogeneously charged nuclear models. This difference can be considered as an estimate of the model dependence of the calculational results for the finite nuclear-size correction. We observe that the model dependence of the results is rather weak, ranging from 0.03% in the low-Z region to 0.2% in the high-Z region.
The leading dependence of the nuclear-size correction on the nuclear radius is factorized out by the prefactor R 2γ in Eq. (5). Still, the function G N depends on R, albeit weakly. In order to estimate its R dependence, in the last column of Table 1 we list the results for the derivative G Table 1 allow one to obtain accurate results for the nuclear-size correction to the isotope shift of the g factor. E.g., the difference of the nuclear-size corrections for 208 Pb (with R = 5.5010 fm) and 204 Pb (with R = 5.4794 fm) calculated by using the values of G N and G ′ N listed in Table 1 is 2.8078 × 10 −6 , which agrees to all digits with the direct numerical evaluation. The corresponding result calculated without G ′ N (2.846 × 10 −6 ) is much less accurate. Numerical results for G ′ N can also be used for estimating the nuclear deformation effects on the bound-electron g factor. It was demonstrated [24] that the leading quadrupole and hexadecapole nuclear deformation effects to the g factor can be parameterized in terms of shifts of the rms radius. In particular, using Eq. (11) of Ref. [24] one can easily determine the correction to the rms radius due to the quadrupole β 2 and hexadecapole β 4 nuclear deformation parameters and then, using the numerical values for G ′ N from Table 1 , obtain the corresponding corrections to the g factor.
Nuclear-size QED corrections
The nuclear-size QED correction to the bound-electron g factor can be conveniently parameterized in terms of the dimensionless function G NQED (Z, R),
where δg N is the leading-order nuclear-size correction given by Eq. (5). Such parametrization of the nuclear-size QED effect is similar to the one used for the Lamb shift [25, 23] . The function G NQED (Z) will be divided into several parts, Table 1 . Leading-order nuclear-size correction to the 1s bound-electron g factor. Notations are as follows: R is the nuclear-charge root-mean-square radius (in fermi), G N is the nuclear-size correction for the Fermi model of the nuclear charge distribution, δG N is the difference between the results obtained with the Fermi and the homogeneously charged sphere models, and G ′ N is the derivative of G N with respect of R (with R being expressed in fermi units). where G SE is the nuclear-size correction to the self-energy and G NVP,el and G NVP,ml are the nuclear-size corrections to the electric-loop and magnetic-loop vacuum-polarization, correspondingly. The self-energy correction to the bound-electron g factor is represented graphically on Fig. 1 (a) and (b), whereas the electric-loop and magnetic-loop vacuumpolarization corrections are represented by Fig. 1 (c) and (d), correspondingly. The nuclear-size effect on the QED corrections to the bound-electron g factor was taken into account previously in several studies. Namely, it was included into the selfenergy and vacuum-polarization calculations of Refs. [15, 16] and into the self-energy calculation of Ref. [26] . In Ref. [19] , an approximate relation was obtained between the nuclear-size corrections to the g factor and to the binding energy. According to that work, the relative values of the nuclear-size vacuum-polarization corrections to the 1s g-factor and to the 1s binding energy are equal (within the leading logarithmic approximation),
where δE NVP is the nuclear-size vacuum-polarization correction to the energy. In the present work, we calculate the nuclear-size QED correction with a realistic Fermi model of the nuclear charge distribution and achieve higher numerical accuracy than in previous studies.
The nuclear-size correction to the self-energy is calculated as the difference of the self-energy corrections calculated with the extended and the point nuclear models. The general scheme of calculation of the one-loop self-energy correction to the bound-electron g factor was developed and described in detail in the previous studies involving one of Nuclear-size self-energy and vacuum-polarization corrections 7 us [6, 26] . For the evaluation of the nuclear-size correction to the self-energy reported in the present work, we needed to extended this scheme for the case of the general binding potential. To this end, we employed the numerical approach for the evaluation of the Dirac Green function for the arbitrary spherically symmetric potential (behaving as ∼ 1/r for r → ∞) described in Ref. [23] .
Electric-loop vacuum-polarization
The electric-loop vacuum-polarization correction to the bound-electron g factor is represented by Fig. 1(c) and given by the following expression
where |a is the reference-state wave function with a fixed momentum projection µ = 1/2, |δ g a is first-order perturbation of the reference-state wave function by the effective g-factor potential
and V Uehl and V WK are the one-loop Uehling and Wichmann-Kroll potentials, respectively. The Uehling potential is given by the well-known expression
where Zρ(r) is the density of the nuclear charge distribution ( ρ(r)dr = 1). The Wichmann-Kroll potential is given by [27, 28] V WK (r) = 2α π Re
where
is the Dirac-Coulomb Green function containing two or more interactions with the binding nuclear field and "Tr" denotes the trace of the matrix.
The nuclear-size effect on the electric-loop vacuum-polarization correction was calculated as the difference of the vacuum-polarization corrections given by Eq. (9) evaluated with the extended and the point nuclear models. Numerical calculation was carried out similarly to that for the nuclear-size vacuum-polarization correction to the Lamb shift in Ref. [23] .
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Magnetic-loop vacuum-polarization
The magnetic-loop vacuum-polarization correction to the bound-electron g factor is represented by Fig. 1(d) and given by the following expression ∆g VP,ml = a|V VP,ml |a ,
where V VP,ml is the magnetic-loop vacuum-polarization potential [29] ,
Here, G(ω, x 1 , x 2 ) is the Dirac-Coulomb Green function and G (0) (ω, x 1 , x 2 ) is the free Dirac Green function. The scalar product between the vectors of the α matrices is implicit in Eq. (14) . It is assumed that the expectation value of the potential V VP,ml is calculated with the reference-state wave functions with the momentum projection µ a = 1/2. Note that magnetic-loop vacuum-polarization potential contains only the Wichmann-Kroll contribution, as the Uehling part vanishes due to symmetry reasons.
After integrating over the angular variables and rotating the contour of the ω integration, the magnetic-loop vacuum-polarization correction to the g factor can be expressed as (for an ns reference state)
is the radial component of the Dirac-Coulomb Green function and the second term in the brackets is obtained from the first one by substituting the Dirac-Coulomb Green function with the free Dirac Green function. The angular coefficient C J (κ a , κ b ) is given by
where j = |κ| − 1/2 and l = |κ + 1/2| − 1/2. Direct numerical calculations of Eqs. (13)- (15) to all orders in Zα have been performed in Refs. [15, 16] . The calculation reported in these studies was seriously complicated by slow convergence of the partial-wave expansion, especially in the low-Z region, which restricted the final numerical accuracy of the obtained results. More
Nuclear-size self-energy and vacuum-polarization corrections 9 recently, it was demonstrated [30] that the dominant part of this correction (induced by the light-by-light scattering diagram) can be obtained in a closed form, without any partial-wave expansion. The corresponding expression reads ∆g VP,ml (appr) = − 32 3
where the function F (q) was calculated numerically and tabulated in Ref. [30] . In order to calculate the nuclear-size correction to the magnetic-loop vacuumpolarization correction, we need to calculate Eq. (13) with an extended and point nuclear models and take the difference of the two results. In order to simplify the numerical evaluation, we divide the nuclear-size correction into two parts, the one induced by the nuclear-size effect on the reference-state wave function and the one induced by the nuclear-size effect on the vacuum-polarization potential. Symbolically, we can write this as
where "ext" and "pnt" refer to the extended-nucleus and the point-nucleus model, respectively. The partial-wave expansion of the first part converges very slowly, so we used the approximate expression for the point-nucleus effective potential from Eq. (17) to evaluate this term. The second term was calculated directly according to Eq. (15), by taking the difference of the extended-nucleus and point-nucleus Dirac-Coulomb Green function. In this case, the partial-wave expansion converges rapidly; it was sufficient to take into account just the three first terms of the expansion.
Results and discussion
Numerical results of our calculations of the nuclear-size QED corrections to the 1s bound-electron g factor of hydrogen-like ions are presented in Table 2 and plotted in Fig. 2 . Table 2 also presents comparison with the results obtained in the previous studies [16, 26] . Our results allow us also to check the accuracy of the approximate relation (8) between the nuclear-size vacuum-polarization correction to the g-factor and the binding energy. Our conclusion is that this relation yields a rather crude approximation. It holds with accuracy of about 5% for Z ≥ 80 and 10% for Z ≥ 40. We observe that the dominant contribution to the nuclear-size QED correction comes from the self-energy and the Uehling part of the vacuum-polarization. These two contributions are of different sign and largely cancel each other. In the low-Z region, the self-energy dominates over the vacuum-polarization, but in the high-Z region both corrections have the same order of magnitude. The resulting nuclear-size QED correction turns out to be rather small in the whole region of the nuclear charges. Table 2 . Nuclear-size QED corrections to the 1s bound-electron g factor, expressed in terms of the function G NQED (Z) defined by Eq. (6). Abbreviations are as follows: "SE" denotes self-energy contribution, "Ue,el" denotes the Uehling electric-loop vacuumpolarization correction, "WK,el" stands for the Wichmann-Kroll electric-loop vacuumpolarization correction, and "VP,ml" denotes the magnetic-loop vacuum-polarization contribution. We now turn to the experimental consequences of our calculations. Table 3 presents theoretical results for the nuclear-dependent part of the 1s bound-electron g factor and for the isotope shift of the bound-electron g factor for several hydrogen-like ions. The leading-order nuclear-size contribution (labeled as "N") and the nuclear-size self-energy ("NSE") and vacuum-polarization ("NVP") corrections are taken from Tables 1 and 2 . The uncertainty of the leading nuclear-size correction represents the model dependence of the calculation, defined as the difference of the results obtained with the Fermi and the homogeneously charged sphere models.
Nuclear-size self-energy and vacuum-polarization corrections Figure 2 . Nuclear-size QED corrections to the 1s bound-electron g factor. Notations are the same as in Table 2 .
The data presented in Table 3 for the recoil corrections were taken from the previous studies. The recoil correction of first order in the electron-to-nucleus mass ratio m/M (labeled as "REC") was calculated to all orders in Zα in Ref. [31] . The radiative and higher-order recoil corrections are known to the leading order in Zα [32] 
Apart of the nuclear-size and nuclear-recoil effects, the bound-electron g factor is also influenced by various nuclear-structure effects. Out of those, the nuclear polarization is probably the largest. The correction to the bound-electron g factor due to the nuclear polarization was calculated for several ions in Ref. [33] . Unfortunately, the data presented in that work are not sufficient for our compilation in Table 3 . Because of this, we approximate the uncertainty due to the nuclear-polarization effect as 50% of the uncertainty due to the model-dependence of the nuclear-size effect. We observed that for most cases calculated in Ref. [33] , the nuclear polarization correction is (crudely) consistent with this simple estimate. In particular, for Table 3 for the nuclear-dependent part of the bound-electron g factor and for the isotope shift have two uncertainties. The first one is the estimation of the model dependence of the nuclear-size correction, whereas the second one is the estimate of the nuclear polarization effect. The errors due to the experimental values of the nuclear radii are not shown explicitly in the table, but they can be easily deduced from the R dependence of the results, see Eq. (5).
We note that the uncertainty of the model dependence of the nuclear-size contribution diminishes significantly in the isotope-shift difference, but not that of the nuclear polarization. The nuclear polarization effect can vary significantly between the isotopes, so one cannot expect a high degree of cancelation in this case. The error due to nuclear polarization dominates in the theoretical isotope shift and currently sets the limit to possible determinations of the difference of the charge radii from the boundelectron g factor measurements.
Summarizing, in the present investigation we calculated the finite nuclear-size effect on the leading bound-electron g factor and on the one-loop QED corrections to the bound-electron g factor in hydrogen-like atoms. The calculation was performed to all orders in the nuclear binding strength parameter Zα and for the Fermi model of the nuclear charge distribution. Combined with the previous calculations of the nuclear recoil effect, our investigation yields theoretical values for the isotope shift of the 1s bound-electron g factor that can be used for determination of the isotope differences of the nuclear charge radii from measurements of the bound-electron g factor in hydrogenlike ions. 
